Abstract. Let X be a closed connected and oriented PL manifold whose fundamental group p 1 is a free group of rank p. Let L be the integral group ring of p 1 . Then H 2 ðX ; LÞ is L-free (see [6] ). We show that there is a bijective correspondence between homotopy equivalence classes of 4-dimensional Poincaré complexes Y with Y ð3Þ G X
Introduction.

By a Poincaré 4-complex we understand a 4-dimensional CW-complex Y with a fundamental class ½Y A H 4 ðY ; ZÞ G Z inducing isomorphisms
7½Y : H q ðY ; LÞ ! H 4Àq ðY ; LÞ;
where L ¼ Z½p 1 ðY Þ is the integral group ring of the fundamental group. Since we will discuss only fundamental groups which are freely generated, e.g., by p generators, there will be no Whitehead torsion. Therefore they will be finite Poincaré complexes in the sense of [8] . We can also assume that Y is obtained from the 3-skeleton Y ð3Þ of Y by attaching only one 4-cell (see [8] , p. 30), i.e., Y ¼ Y ð3Þ U j D 4 , where j : S 3 ! Y ð3Þ is the attaching map. The following result of T. Matumoto and A. Katanaga will be crucial for our discussion (see [6] , Proposition 2). where Gðp 2 Þ is the (quadratic) G-functor applied to the abelian group p 2 ðX ð3Þ Þ ¼ H 2 ðX ; LÞ. Note that H 3 ðX ð3Þ ; LÞ is L-free of rank p. There are canonical maps Gðp 2 Þ ! p 2 n Z p 2 and p 2 n Z p 2 ! Gðp 2 Þ such that their composition is multiplication by 2 on Gðp 2 Þ. This implies in our case that
In fact, Gðp 2 Þ can be considered as the subset of symmetric tensors in p 2 n Z p 2 . Moreover, Gðp 2 Þ is a L-submodule of p 2 n Z p 2 , and the induced homomorphism
is injective. (Here as elsewhere in this paper, we have, if necessary, to shift from right-to left-L-module structures using the canonical anti-automorphism of L.) The purpose of this paper is to study 4-complexes Y obtained from X
by attaching one 4-cell with attaching map c :
More precisely, we want to study conditions on c to obtain a Poincaré 4-complex Y . Our basic result is a correspondence between homotopy equivalence classes of PD-duality spaces Y and invertible hermitian matrices over L of type k (see Theorem 3.3 below).
Homological properties of Y .
Let X be an oriented closed PL-manifold of dimension 4. We may assume that X ð3Þ is homotopy equivalent to
be the attaching map of the 4-cell and let j 0 be the composition
with the collapsing map c :
Proof. The collapsing map c induces a map f : X ! Q such that the following diagram commutes 3. Poincaré duality in the middle dimension.
As before let j : S 3 ! X ð3Þ be the attaching map of a 4-cell of the 4-manifold X . Given an element y A Gðp 2 Þ we must study the e¤ect of y on the homomorphism 
Hence we have to study the isomorphism
Let y ¼ P i u i n v i A p 2 n Z p 2 be a symmetric tensor, i.e., y A Gðp 2 Þ. The e¤ect of y on H 2 is given as the image of y under the canonical homomorphisms The following lemma can be easily checked: Recall for this that l X ðx; yÞ ¼ ðPD 
Let us now choose a L-basis a 1 ; . . . ; a k of H 2 . Then The first sum is taken over all i; j ¼ 1; . . . ; k and g A p 0 1 U f1g, where p 0 1 is a subset of p 1 nf1g containing for any g A p 1 either g or g À1 . Then y A Gðp 2 Þ and y n L 1 ¼ P i; j a i n a j g ji . Applying ð7½Y Þ PD
À1
X to the basis a 1 ; . . . ; a k we get from Corollary 3.2
If we denote by L X the intersection matrix ðl X ða j ; a l ÞÞ we get the matrix
X . Since L X is invertible and hermitian, we can solve this equation for G. Hence, beginning with an invertible hermitian matrix SL À1 X ¼ W we obtain an hermitian L-matrix G from which we can construct y A Gðp 2 Þ such that Y ¼ X ð3Þ U c D 4 with ½c ¼ ½j þ y is a Poincaré duality complex. On the other hand it was shown in [2] that the isomorphic intersection forms l X and l Y determine homotopy equivalent Poincaré spaces X and Y . This means that if the cup product pairings
given by ½X and ½Y are the same then X and Y are homotopy equivalent. Note that the cup product with respect to ½Y is defined by the composition
. If we calculate the products of the Hom L -dual basis a
We can therefore summarize to get the following 
A remark on special hermitian forms and their realization by 4-manifolds.
If p 1 G Z any non-singular hermitian form has a realization by a 4-manifold (see [4] ). There are forms such that the resulting manifold is not homotopy equivalent to ðS 1 Â S 3 ÞaM 0 with M 0 simply-connected, because there are forms over L ¼ Z½Z which are not extended from Z (see [5] ). If the rank of the free group is greater than 1 the realization of a non-singular hermitian form as intersection form of a closed 4-manifold is a di‰cult problem because free non-abelian groups are supposed to be not ''good'' in the sense of surgery theory (see [4] ). An analogous problem arises by trying to realize surgery obstructions in dimension 4 (see [9] , p. 54). Here the relevant hermitian forms are ''special hermitian forms'' ðG; l; mÞ (see [9] , p. 47). Besides being based (which we can ignore since the Whitehead group of p 1 ¼ Ã p Z is zero), a special hermitian form can be considered as an even hermitian space (see [7] , Ch. 1). An even hermitian form is an orthogonal complement of a hyperbolic space (see [9] , Lemma 5.4, or [7] , Corollary 3.5.4). A hyperbolic space can be realized by M ¼ a p ðS 1 Â S 3 Þaða n ðS 2 Â S 2 ÞÞ for some n.
The collapsing map c : M ! a p ðS 1 Â S 3 Þ is a normal map of degree 1 with
Recall that L 4 ðp 1 Þ ¼ Z and the surgery obstruction is the signature of the special hermitian form in question (see [1] [3] ). Completing these surgeries on N we get a manifold W 4 with intersection form isomorphic to that of Y , hence W is homotopy equivalent to Y (see [2] [2] , since the intersection forms are isomorphic.
Non-extended hermitian forms.
Let ðG; lÞ be a hermitian form over the group ring L ¼ Z½p
hermitian form l is extended from Z if there is a symmetric bilinear form b : ð0 k ZÞ Â ð0 k ZÞ ! Z such that ðG; lÞ is isomorphic to ðG; bÞ, where
This construction is a special case of the ''change of ring''-construction (see [7] 
As is indicated in [5] , we have detðLÞ ¼ 1 and eðLÞ is equivalent to the standard form
Let e 1 ; e 2 ; e 3 ; e 4 be the standard basis of 0 4 L. Let l be the form defined by
proof of the non-extendibility consists in showing that there does not exist a vector v A 0 4 L such that mðv; vÞ ¼ 1 þ t þ t 2 . Let us write v i ¼ P g n i ðgÞ A L. 
in L with g; h A p 1 . This cannot hold either. 
we get the condition
in L with a; b; g A p 1 (up to sign), which cannot hold.
